NMNURBS

version 1.0

n- Dimensional m- Parametric NURBS Objects Formulas

Massimo Ricci
2007, July

JTIUTIUTL






Index

NURBS Curve Definition (Homogeneous CoordiNates) ........ccocceveerereerieeniesnesiesnie e 4
BasiS FUNCLION DEfINITION ..oouiiiicieceee ettt et e e e enee e s 5
NURBS Object Definition (Homogeneous CoordiNates) .......ccccoceeeeveeeecieesieeseesiesieeesenens 6
NURBS Curve Definition (Non- homogeneous CoordinNates) ........cccevvevvereereeseesensennns 8
NURBS Curve Derivative (Non- homogeneous Coordinates) .........ccccceeevvvveeeiveeesieneenns 10
BasiS FUNCLION DENIVALIVE .....cceeiiiiiesiisiesisie ettt sttt e et sne b nne s 11
NURBS Object Definition (Non- homogeneous Coordinates) ........cccoccveveeeieeseeeeneennnn 13
NURBS Object Derivative (Non- homogeneous Coordinates) .........cceceeeeeererrveeniennnn 14



NURBS Curve Definition (Homogeneous Coordinates)

A NURBScurve could be defined in homogeneous coordinate as follows
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where

C":R—->R" the NURBS curve function

neiN number of homogeneous coordinates for each control point
JEN index for the sum

veR NURBS curve parameter

geN degree of the NURBS curve

H e R™"! vector of knots

@7 e R'xR" vector of control points

qu ‘R- R basis function

Qe R" j-th element of the vector of control points (j-th control point)

leN number of control points



Basis Function Definition

The basis function could be defined in arecursive way as follows
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1 if K=v<K,,
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0 otherwise

the basis function

vector of knots

basis function degree

index for the knot vector
parameter for the basis function

h-th element of the knot vector



NURBS Object Definition (Homogeneous Coordinates)

The generalization of the NURBScurve formula (in homogeneous coordinates) is the
definition of the NURBSobject (in homogeneous coordinates), it is

where
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the NURBS object function

number of homogeneous coordinates for each
control point

number of the NURBSobject's parameters

level of recursion: each level of recursion is
relative to a NURBSobject's parameter

index for the sum at the r-th level of recursion

degree of the basis function relative to the r-th
NURBS object's parameter

extent of the r-th dimension of the matrix of the
control points

vector of parameters for the NURBS object



M eR" 1 x R" r- dimensional matrix of control points: the
extent for each dimension de€[0,r)NnIN is [l; :
more formally
the last cartesian product by R" remembers
the control point structure, that isalist of n
homogeneous coordinates

r-1

X1
MeR X R"

1 an r- dimensional matrix could be defined as a
X1 vector of
M,eR* , he{[0,r)NnIN}| (r-1)-dimensional sub- matrices: in this case
M), stand for the h-th element (the h-th sub-
matrix) of that vector



NURBS Curve Definition (Non- homogeneous Coordinates)

The classical NURBS Curve definition is
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where
Cy v :R—R" the NURBS curve function
neiN number of non- homogeneous coordinates for each control
point
JE€NN index for the sum
veR NURBS curve parameter
geN degree of the NURBS curve
leN number of control points: since a weight is associated to a
control point, for each control point, then the number of
weights is the same as the number of control points
H e R™! vector of knots
P eR'xR" vector of control points

P;eR" j-th element of the vector of control points (j-th control



point)
W eR! vector of weights

W;eR j-th element of the vector of weights

N?Q:IR—> R basis function



NURBS Curve Derivative (Non- homogeneous Coordinates)

The derivative for a NURBS Curve is
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Basis Function Derivative

From the basis function definition, the basis function derivatives is
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It is possible to explicit the V variable in the basis function's general case
expression,

that iswhen ¢g>0
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so the basis function's derivatives in the general case g>0 is
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NURBS Object Definition (Non- homogeneous Coordinates)

The generalization of the NURBScurve formula (in non- homogeneous coordinates)
is the definition of the NURBSobject (in non- homogeneous coordinates):

let be
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then the definition of the NURBSobject (in non- homogeneous coordinates) is

where

r-1

X1

PPeR x R"

r-1

X1
WeR

r- dimensional matrix of control points: the extent for each
dimension de[0,r)NN is I ;

the last cartesian product by R" remembers the control
point structure, that isalist of " non- homogeneous
coordinates

r- dimensional matrix of weights: the extent for each
dimension de[0,r)NnN is li :
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NURBS Object Derivative (Non- homogeneous Coordinates)

The NURBS object derivative formula is from the NURBS object definition, it is

a N N a R .
0 a—Vh[Fr,P’H(V)] -[Gr,Wﬂ( )]_ a—‘/h{Gr,Wprl( )] {FI",P”1< )]
8— Rr.,PHl'WHl(v)] = —
i [ G,y V)}
where
L-1p 5 )
J=0 (Nlj”p( J)) a_W(FV—LP??'(_»)) if r>0, r#h
ey - }
a%[]:rypm(-')]: i=o| a—Vh(Njf,p,(VJ,)) ’ Fr—l,p;.jl( )} lfr>0, r=h
h
0 if r=0, r#h
I-1 5 -
=0 E(Nﬁ'rvo("fo))l'[f’ﬂ] if r=0, r=h
and
17 5
2 (Nf,r,q( J)) a_Vh(Gr—l,W;jl<_>)) ifr>0, rh
I-171 p - .
aﬂ{G W”](_’)}: J=0 6Th(ertl7lr(vjr)) .[Gr—l,W;}”( )} lfr>0, }":h
v, L
0 if r=0, r#h
I-1 5 -
Zo (W(Nir’%(vjv))l'[wi ] if r=0, r=h
Jo= h




	NURBS Curve Definition (Homogeneous Coordinates)
	Basis Function Definition
	NURBS Object Definition (Homogeneous Coordinates)
	NURBS Curve Definition (Non-homogeneous Coordinates)
	NURBS Curve Derivative (Non-homogeneous Coordinates)
	Basis Function Derivative
	NURBS Object Definition (Non-homogeneous Coordinates)
	NURBS Object Derivative (Non-homogeneous Coordinates)

